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We study the Goursat or characteristic problem, i.e. a hyperbolic equation with given data 
on a surface (the half of the standard Cauchy problem), with some kind of dimensional 
regularization procedure to deal with the divergences that appear. We will also comment 
some possible relation with a holographic setup. 
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1 Introduction 



The Cauchy problem for hyperbolic equations is well known since many years ago. We can 
take the wave equation in Minkowski space-time as an example. If we choose an infinite 
space-like surface where it is known the function and its normal derivative (with respect to 
the surface) the solution is fully obtained in the rest of the space. The situation becomes more 
delicate when the surface where we know the data is lightdike, as the light cones are. The 
problem is then called a Goursat or characteristic one, as the surfaces are the characteristics 
of the equation [1] and another different procedure is needed to obtain the solution. But 
if we consider only a future light cone, curiously, the solution inside this depends only on 
the function or on the normal derivative of the function on the cone, but not on both. This 
characteristic surface is such that the derivative is not independent of the function. This is 
remarkable, as the causal development of a field depends in half of the data compared with 
the Cauchy evolution. 

Although the previous considerations are purely mathematical, there might be a corre- 
spondence with physics, if we consider the holographic principle. Naively we can state that 
degrees of freedom in a certain space (called bulk) match one to one with the degrees of 
freedom on the boundary of this space 1 . This situation is reproduced in our simple example, 
where the boundary is the light cone itself, and the degrees of freedom are carried by the 
fields in it. 

The idea of holography has been studied extensively in the last years, specially in scenar- 
ios with negative cosmological constant. The so-called AdS/CFT correspondence is probably 
the most successful example, although the knowledge about it is still incomplete. Much less 
attention has been devoted to Ricci-flat geometries, with vanishing cosmological constant. In 
this work we will study a simple scenario of this kind and try to check a possible holographic 
relation. In order to do this we will need explicit classical solutions, so we will introduce 
a method to find them. But before we start with a description of the geometry and its 
properties, and how general can be this procedure. 

1 This has not to be considered as a definition of the principle, but is useful as a first hypothesis 
in order to make a first check of the ideas explained. 
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2 Description of the scenario 

A general geometry with some conformal properties was introduced in [2] . The line element 
is the following, 

ds 2 = -phij (p, z)dz l dz : > + pdT 2 + TdTdp (1) 

with the boundary located at p = 0. The simplest case is to take h%j = —5ij, then it is easy 
to prove that the space is d-dimensional flat space and that the boundary is the (origin's) 
future light cone. In dimension two this is called Milne universe, so we extend the definition 
to arbitrary dimension. Apart from this we have a set of curved geometries 2 , which in terms 
of flat-like coordinates can be considered as deformations of Milne, always with a light- 
like boundary. Nevertheless we will focus on the flat case, which has the greatest degree of 
symmetry. 

The isometries of ci-dimensional Milne space are clearly the ones generated by SO(l,d — 
1). The boundary is light-like, and it has a degenerate metric. Nevertheless isometries are 
well defined on the boundary through the Killing equations £(k)g = 0, which turn out to 
be the same as the (Euclidean) conformal group 3 . To summarize, we deal with a bulk space 
with a boundary at finite (space-like) distance with conformal symmetry. Then the next step 
is to find how bulk fields depend on boundary data. 



3 Fields from characteristic data 

In our simple setup, the dynamics of a massless scalar field is governed by the standard wave 
equation. The method we present below can be generalized, first to massive fields (c.f. [3]), 
and also to curved geometries with more complicated wave operators. Nevertheless for the 
discussion it will be enough to consider the massless scalar. Now we introduce how to obtain 
fields in terms of boundary data, or which is the same, the propagator from the characteristic 
boundary to the bulk. 



3.1 Riesz' method 

This method we will use was presented by Riesz [4] many years ago, but we are going to put 
it in a more modern way and try to relate it to well known techniques such as dimensional 
regularization. It is based on the Riemann-Lioville integral 

I X f{x) = J* dtf(t)(x - i) A_1 (2) 

In principle this is well defined for A > (/ vanishes for x = a), but noticing that 

(3) 



ri x f = r +x f 
i°f = I 



the expression can be continued to negatives values of A (basically the Gamma function 
cancels the integral divergences). This construction can be easily generalized to higher di- 
mensions by the formula 



iX ^=imL dd ~ ly * iy)T - d 



(4) 



where r xy is the geodesic distance between the points P and any point in the domain D (see 
figure 1). If we take a definite value for the pre- factor H such as 

2 By construction the geometries have vanishing Ricci tensor. 

3 There are some subtleties when d = 4 that are irrelevant for our purposes (see [3] for more 
details) . 
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Fig. 1. Domain of integration for the expression (4). It is the interior of the past light cone of P 
down to the surface S. 

w) „f-. 2 >- lr (i)r(A±!^) (5) 

the expression satisfies the desired properties (3) for the right analytic continuation. More- 
over, it is also true that 

D/ A+2 = j\ (g) 

so we can identify □ = 7~ 2 , where □ is the D'Alambertian. With this in mind we take the 
surface S to be the origin's future light cone, which is not a space-like surface but a light-like 
one. The domain is presented in figure 2. Now integration on D is related to integration over 



P=(x^ ) 




o 



Fig. 2. D the is the region interior to both cones, N-(P) and N + (0). We take the point Q = (y 11 ) 
to be on the boundary dD. 



3D thanks to Stokes' Theorem, for instance it is true that 4 

/ (/ d * dg - d * d/ g) = I (/ * dg - *df g) (7) 

J D JdD 

Let us now consider the functions / = 4>{x), the solution of the wave equation 

□ </>(a;) = d * d<p(x) = with prescribed value (f>\N + — ip, and g — r xy 2X . This latter choice 

leads, using properties (3) and (6), to the desired solution 

4>(x)= Imi (</> *dr 2A -r 2A *d0) (8) 

This expression has several relevant features. The factor Hd has a divergent contribution, 
F i~r)' wn i cn divergences from integration will cancel. Moreover, as the analytic continua- 
tion parameter A, when we take the appropriate limit, depends on the space-time dimension 
d, we can regard the expression as formally dimensionally continued, and then use the well 
known results of dimensional regularization in order to integrate. The last point to note is 
that the presence of t in the integrand makes it vanishing on N_(P), as this is the past 
light cone of P. Then the domain of integration is restricted to the origin's light cone (the 
surface with given values for the field <p) up to the intersection with N- (P) , which we call 
B (see figure (3)). 

4 We use "d" for the exterior derivative and "*" for the Hodge dual. 
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Fig. 3. Region of integration B. 



3.2 Explicit solution 

From the previous subsection we know the wave equation solution for a scalar field with 
prescribed values (for the field only) on the origin's future light cone, which is a characteristic 
surface. 

^ = 7T7T— 3T / Wy) * dT *y 2 ~ d - * d0(2/)) (9) 

where we have to understand d as a complex parameter. Now we have to choose explicit 
coordinates. In order to let the boundary dependence in term of dummy variables we shall 
take standard flat coordinates, x = (t,x), and y = (t',y'). The surface B is parametrized 
by d — 1 variables, for instance t' and n' = -^r. We also have to remember that the field's 
normal derivative on the boundary depends on the field itself. This translates to the formula 
in the way that the second contribution of (9) can be integrated by parts (and as dD has 
no boundary there is only one contribution after integration). With all this the solution is 
the following. 

0M= 54ih)/ <!n T <a ' ( '" 3 (» 2 - 2( '<"'*-')r 4 *«'•»'> 

(10) 

where s 2 = t 2 — x 2 , H is a Heaviside step function (as the integration domain is finite) and 
%l> is the arbitrary boundary value. This expression is written as 

cj>{x) = f K(x,y)^{y)dy (11) 
Jn + 

although the kernel K has to be taken with care as it depends on a step function and a 
complex parameter, which can only be regarded as integer after integration. This expression 
is a solution of U<j> = 0, and the kernel tends to a delta function as the point P tends to the 
boundary 5 , so it reduces to the prescribed value on the boundary. 



3.3 A theory on the boundary? 

Once we have under control fields in Milne space we ask ourselves about a possible holo- 
graphic interpretation in the same fashion as AdS/CFT (see [5]), that is, if the action (in 
this case only the contribution of a scalar field) of a physical theory in Milne geometry can 
be re-interpreted in terms of a theory living on the boundary. 

The simplest approximation, although with all the desired properties, is to consider the 
on-shell action for the bulk theory, 

S\on-shell = dcf> A *d(f) = <f> *d<p (12) 
JM JdM 

5 Perhaps the simplest way in order to check this is to consider the boundary value ip as an analytic 

function and expand it as a power series, ip(t' , n') = ~^2 m t' am ip rn (n / ), then integrate on t and let 

f-tx. 
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where the final expression comes from integration by parts, and it depends only on boundary 
values. The field <f> is the one given by the solution (10), then we only have to obtain the 
field normal derivative *d(j) and let it tend to the boundary value. If we remember that the 
kernel K of the previous subsection tends to a delta function near the boundary, its normal 
derivative is related basically to the first derivative of the delta, so the final result we get in 
terms of the boundary value tp after some manipulation is of the kind 



Clearly this happens to be a boundary action without physical meaning, so it seems not to 
exist a holographic interpretation. The main difference with the AdS/CFT result is that the 
AdS boundary is at infinite distance, and in fact it is not a true boundary but a conformal 
one. This is crucial because in the action appears a contribution due to the integration 
measure, and this combined with the normal derivative gives a result different from the 
delta in (13), and then the action can be interpreted as a generator of Green functions. 

4 Conclusions 

We have presented an old method to solve Goursat or characteristic (and Cauchy, as the 
construction is quite general) problems from a more modern point of view. The method 
allows us to calculate propagators in some simple scenarios and try to verify the possibility 
of a holographic relationship between theories living in a space with vanishing cosmological 
constant and in its boundary. The result is similar to the one in AdS/CFT except for a 
(crucial) contribution that comes from the location of the boundary. In the AdS case the 
metric blows up on the boundary, as this is at Penrose infinity, but in our setup the metric 
is smooth everywhere, and then it does not kill the delta behaviour in (13). 

Acknowledgements 

I am grateful to Enrique Alvarez and Juan F. G. Cascales for useful comments on the 
manuscript. 

References 

1. R. Courant and D. Hilbert, Methods of Mathematical Physics, (Vol. 2) (Interscience, New York, 
1962). 

2. E. Alvarez, J. Conde and L. Hernandez, "Codimension two holography," Nucl. Phys. B 663 
(2003) 365 [arXiv:hep-th/0301123]. 

3. E. Alvarez, J. Conde and L. Hernandez, "Goursat's problem and the holographic principle," 
Nucl. Phys. B 689 (2004) 257 [arXiv:hep-th/0401220]. 

4. Marcel Riesz, L'integrale de Riemann-Liouville et le probleme de Cauchy., Acta Mathematica, 
81 (1949), 1. 

5. E. Witten, "Anti-de Sitter space and holography," Adv. Theor. Math. Phys. 2 (1998) 253 
[arXiv:hep-th/9802150]. 




(13) 



